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Q \ ({0, ∞} ∪ µ3n ).
Introduction
The Galois group Gal(Q/Q(µ n )) acts on theétale fundamental group π To simplify the situation one usually considers pro-l quotient of π 1 and then an infinitesimal version of the problem (see [1] and [6] ).
Let Lie(X, Y 0 , . . . , Y n−1 ) be a free Lie algebra over Q l on n+1 free generators X, Y 0 , . . . , Y n−1 . We equipped it with the Ihara bracket { , } and we denote the resulting Lie algebra by Lie(X, Y 0 , . . . , Y n−1 ) { } .
In the infinitesimal version of the problem we get a representation of the Lie algebra LieGal(Q/Q(µ n )) (whatever it means) into the Lie algebra Lie(X, Y 0 , . . . , Y n−1 ) { } .
So as the first step to understand the Galois action on π 1 , we are studying the Lie algebra Lie(X, Y 0 , . . . , Y n−1 ) { } . The results of section 2 are very elementary and very likely well known. We do not even know how to describe the abelianization of Lie(X, Y 0 , . . . , Y n−1 ) { } .
In sections 1 and 3 are collected some general facts about Galois actions on fundamental groups of the projective line minus a finite number of points taken from previous papers of the author.
In the last two sections we are studying the infinitesimal version of Galois actions on fundamental groups of P 1 Q \({0, ∞}∪µ 2 n ) and P 1 Q \({0, ∞}∪µ 3 n ). In the case of 2 n we extend slightly our previous result (see [11, Corollary 15.6.3.] ). We show that the Lie subalgebra of LieGal(Q/Q(µ l ∞ )) in Lie(X, Y 0 , . . . , Y 2 n −1 ) { ,} genated by all elements in degree greater than 1 and 3/4 of generators in degree 1 is free.
We prove also the analogous result for 3 n . Acknowledgment. This research was inspired by the talk given by P.Deligne in Schloss Ringberg (see [2] ). Parts of this paper were written during our visit in Max-Planck-Institut für Mathematik in Bonn. We would like to thank very much MPI for support.
Galois action on π 1
In this section we review some results and constructions from our previous papers (see [9] , [10] , [11] , [12] and [13] ) . .
Let K be a number field. Let a 1 , . . . , a n ∈ K. Let us set V := P 1 K \ {a 1 , . . . , a n , ∞}. Let v and z be K-points of V or tangential K-points of V . Let l be a fixed prime. We denote by π 1 (VK; v) the maximal pro-l quotient of theétale fundamental group of VK based at v and by π(VK; z, v) the π 1 (VK; v)-torsor of l-adic paths from v to z. Let v i be a tangential K-point on VK at a i for i = 1, . . . , n. Let s i ∈ π 1 (VK; v i ) be a generator of the inertia group of a place over a i and let γ i ∈ π(VK; v i , v).
We set
The elements x 1 , . . . , x n are free generators of π 1 (VK; v). Let γ be a path from v to z. For any σ ∈ G K we set
is given by the formulas
Let Q l {{X 1 , . . . , X n }} be a Q l -algebra of formal power series on non commuting variables X 1 , . . . , X n . We define a continuous multiplicative embedding
The action of G K on π 1 (VK; v) induces the action of G K on Q l {{X 1 , . . . , X n }}, hence we get the representation
Composing t γ with k we get an embedding of π(VK; z, v) into Q l {{X 1 , . . . , X n }}. Hence the action of G K on π(VK; z, v) induces the representation
Let {l | l} be the set of finite places of K lying over the prime ideal (l) of Z. The representations ϕ v and ψ γ are weighted Tate representations. If the pair (V, v) (resp. the triple (V, z, v)) has good reduction outside a finite set S of finite places of K then the representation ϕ v (resp. ψ γ ) is unramified outside S ∪ {l | l} K , hence it factors through the weighted Tate Q l -completion G(O K,S∪{l|l} K ; l) of π 1 (SpecO K,S∪{l|l} K ; SpecK) (see [4] and [5] ).
Let L(O K,S∪{l|l} K ; l) be the associated graded Lie algebra with respect to the weight filtration of the affine prounipotent proalgebraic group
The representations ϕ v and ψ γ induce morphisms of graded Lie algebras
respectively. In degree 1 the Lie algebra L(O K,S∪{l|l} K ; l) has more generators than the corresponding Lie algebra of the motivic fundamental group of mixed Tate motives over SpecO K,S . These additional generators are mapped to zero by morphisms Φ v and Ψ z,v (see [13, Lemma 3.1.1 and Theorem 3.1]). Hence we can define the quotient Lie algebra L l (O K,S ), which has the correct number of generators and through which Φ v and Ψ z,v factor. It can be also done in a more general setting using the notion of cristiline representations (see [4] ).
Finally we recall the definition of l-adic polylogarithms from [10] .
Let γ be a path on P 1 Q \ {0, 1, ∞} from → 01 to a K-point of P 1 K \ {0, 1, ∞} or to a tangential point defined over K. After the standard embedding of
Let I 2 be an ideal of Q l {{X, Y }} generated by monomials with two or more Y 's. The l-adic polylogarithms l(z) and l n (z) are defined by the following formula
The distribution relations satisfied by l-adic polylogarithms are shown in [10] . They will be used in the last two sections.
Lie algebras
We denote by Lie(X, Y 0 , . . . , Y n−1 ) the free Lie algebra over a field K on free generators X, Y 0 , . . . , Y n−1 . The Lie bracket we denote by [ , ] .
by the formulas
We denote by Der(Lie(X, Y 0 , . . . , Y n−1 )) the Lie algebra of all derivations of
is an isomorphism of vector spaces.
We define a new bracket { , }, called the Ihara bracket (see [7] ), on
It follows from (2.1) that the bracket { , } satisfies the Jacobi identity. Hence the vector space Lie(X, Y 0 , . . . , Y n−1 )/ Y 0 equipped with {, } is a Lie algebra, which we shall denote by
If p is a prime number greater than 3 then the Lie algebra (
The main method to show that a family of elements of the Lie algebra
is to show that the Lie bracket { , } on these elements modulo some vector subspace reduces to the standard Lie bracket [ , ] of Lie(X, Y 0 , . . . , Y n−1 ) (see [2] and [3] ). Hence first we shall study some useful Lie ideals and Lie subalgebras of 
is commutative. We do not know if the natural surjection
is an isomorphism.
Let S be a subset of {0, 1, . . . , n − 1}. Let r ≥ 2. We denote by I r (S) the Lie ideal of Lie(X, Y 0 , . . . , Y n−1 ) generated by Lie brackets in generators X, Y 0 , . . . , Y n−1 , which contain at least r elements (possible with repetitions) of the set {Y 0 , Y 1 , . . . , Y n−1 } and at least one of these elements is Y s with s ∈ S and at least one of these elements is Y t with t / ∈ S. It is clear that I r+1 (S) ⊂ I r (S) for any r ≥ 2. Hence we have a filtration {I r (S)} r≥2 of Lie(X, Y 0 , . . . , Y n−1 ) by Lie ideals. Notice that I r (S) is not a Lie ideal of Lie(X, Y 0 , . . . , Y n−1 ) { } .
Let A(S) be a Lie subalgebra of Lie(X, Y 0 , . . . , Y n−1 ) generated by elements X and Y s with s ∈ S. We set
We identify the set {0, 1, . . . , n − 1} with Z/n. If S ⊂ {0, 1, . . . , n − 1} then the subsets S + S := {a + b ∈ Z/n | a, b ∈ S} and −S := {−a ∈ Z/n | a ∈ S} are well defined.
Lemma 2. 4 . Let S be a subset of {0, 1, . . . , n − 1} such that (S + S) ∩ S = ∅. Let r, r 1 ≥ 2 and p, p 1 ≥ 1. Let w ∈ I r (S), w 1 ∈ I r1 (S) and a ∈ I p (A(S)), and {I r (S), V (S)} ⊂ I r+1 (S).
Let L be a Lie algebra over a field K. Let Z = {z i ∈ L | i ∈ N} be a linearly independent subset of L. We denote by L(Z) a Lie subalgebra of L generated by the subset Z.
Let Lie(Z i | i ∈ N) be a free Lie algebra over K on symbols Z i , i ∈ N. We denote by Hallbasis(Z i | i ∈ N) the set of basic Lie elements of Lie(Z i | i ∈ N) formed from the sequence Z 1 , Z 2 , . . . , Z n , . . . following the rules described in [8] on pages 322-327. The set Hallbasis(Z i | i ∈ N) is a basis of the vector space Lie(Z i | i ∈ N) (see [8, Theorem 5.8.] ).
Let P : Lie(Z i | i ∈ N) → L be a morphism of Lie algebras given by P(Z i ) = z i for i ∈ N. Observe that the image of P is the Lie algebra L(Z). We denote by HB(Z) L the image of the set Hallbasis(Z i | i ∈ N) by the morphism P.
Lemma 2.7. The Lie subalgebra L(Z) of L is free, freely generated by the subset Z of L if and only if the set HB(Z) L is linearly independent over K.
Proof.
If the Lie algebra L(Z) is free, freely generated by the subset Z of L then it follows from [8, Theorem 5.8.] that the subset HB(Z) L of L is linearly independent.
If the subset HB(Z) L of L is linearly independent then the morphism of Lie algebras PLie(Z i | i ∈ N) → L(Z) is an isomorphism. Hence the Lie algebra L(Z) is free, freely generated by Z.
In the next proposition we indicate how to construct various free Lie subalgebras of the Lie algebra Lie(X, Y 0 , . . . , Y n−1 ) { } .
Then the elements z It follows from the congruences (2. 8 3 Galois action on the fundamental group of the projective line minus 0, ∞ and the nth roots of 1.
From now on let
The generators x, y 0 , . . . , y n−1 of π 1 (VQ; → 01) we choose as in [11] . Let p be the standard path from 
As usual we embed π 1 (VQ; → 01) into the Q l -algebra Q l {{X, Y 0 , . . . , Y n−1 }} by the continuous multiplicative map k such that k(x) = e X and k(y i ) = e Yi .
The pair (V, → 01) has good reduction outside the prime divisors of n. Hence we get a morphism of graded Lie algebras
Let us set ξ n := e 
4 Projective line minus 0, ∞ and the 3 n th roots of 1.
The 3-units (1−ξ i 3 n ) for 0 < i < 
For further applications we introduce the following convention
and σ
(1)
There are the following relations between 3-units. For any 0 < i < 
for 0 < i < 
2 , (i, 3) = 1 and j = n, n − 1, . . . , 2. Hence it follows from the distribution relation 3 n(k−1) ( Let us denote by σ (k) i these generators. We choose them to be dual to l-adic polylogarithms l k (ξ i 3 n ), with 0 < i < 
In the next lemma we will consider an element x which is congruent modulo I 2 to some y, whose coefficients belong to the ring Z (3) . Hence we can reduce them further modulo 3. This procedure we shall denote by mod I 2 mod 3.
for k even and
Proof. The proof follows from Proposition 3.2, the equalities (4.2) and ( 4.3) and the definition of the generators σ
Unfortunately we are not able to show that the morphism restricted to this subalgebra is injective.
for 0 < i < Notice that L 3 n is a free Lie algebra, freely generated by the elements indicated in the definition. 
Proof. Let L 3 n be a Lie subalgebra of Lie(X, Y 0 , . . . , Y 3 n −1 ) {,} generated by elements z 
for k > 1 and 0 < i < Observe that if (i, 3) = 1 then of the two numbers i and 3 n − i, one is congruent to 1 modulo 3 and the other, to 2 modulo 3.
Let k > 1. We shall write We shall show by induction the following two statements: A(r): for any r ≥ 2 and any Lie bracket of length r and any r elements of Z, 
Therefore we have proved A(m+1). Observe that all this is true over any field K hence it is true over the field
Let us set ζ
i+3 n−1 for 0 < i < 
The set HB(Z) Lie(X,Y0,...,Y 3 n −1 ) { ,} is linearly independent in the Lie algebra over Z/3, hence also over Q and Q l . Hence it follows from the congruences (4. 6.3 ) that the set HB(Σ) Lie(X,Y0,...,Y 3 n −1 ) { ,} is linearly independent. Lemma 2.7 implies that the set Σ generates freely a free Lie subalgebra. Hence the morphism Φ
restricted to L 3 n is injective.
5 Projective line minus 0, ∞ and the 2 n th roots of 1. for 0 < i < 2 n−1 and (i, 2) = 1. We shall also use the convention
2 n −i = σ
2 n +i .
Observe that we have the following equalities and we choose them dual to l-adic polylogarithms l k (ξ j 2 n ), 0 < j < 2 n−1 and (j, 2) = 1, in the sense that l k (ξ for k > 1 and 0 < i < 2 n−1 and (i, 2) = 1.
(These four elements σ
i , σ
i+2 n−2 and σ 
